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What is complex dynamics?

Let f : C → C be a transcendental entire function. We denote

fn = f ◦ f ◦ · · · ◦ f for n ≥ 0.

We divide the complex plane C into the stable Fatou set

F =
{

z ∈ C | {fn}n≥0 is normal in some neighborhood of z
}

and the chaotic Julia set J = C \ F .

The Julia set J divides the plane into the connected components
of F , which we call the Fatou components.
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Both F and J are completely invariant sets. Thus, Fatou
components get mapped to Fatou components.

A Fatou component is either (pre-)periodic or a wandering
domain.

Periodic components Wandering domains

• attracting basin
• parabolic basin
• Siegel disc
• Baker domain

• escaping
• oscillating
• bounded
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Example: The map z → z + sin(z) + 2π
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Geometry of wandering domains

Theorem: Boc Thaler (2021), Martí-Pete, Rempe, Waterman (2025)

Let K ⊆ C be a compact set with connected complement.
Then there exists an entire function f ∈ O(C) for which
every component of K̊ is an escaping wandering domain.

Theorem: U.

Denote the strip S = [−1, 1] × R ⊆ C and let F ⊆ S be a
closed set that also satisfies some reasonable assumptions.
Then there exists an entire function f ∈ O(C) for which
every component of F̊ is an escaping wandering domain.
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Prescribing the geometry approximately

Theorem: U.

Let F ⊆ U ⊊ C, where F is a closed and U an unbounded
simply connected open set. Then there exists an entire func-
tion f ∈ O(C) with an escaping wandering domain Ω such
that F ⊆ Ω ⊆ U .

Corollary: U.

For each δ > 0 there exists an entire function f ∈ O(C) with
an escaping wandering domain Ω such that Area(C\Ω) < δ.
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The tools of the trade

A closed set E ⊆ C is Arakelian if Ĉ \ E is connected and locally
connected at ∞.

Let E be Arakelian, h ∈ O(E), and ε > 0.
Then there exists f ∈ O(C) such that ∥f − h∥E < ε.

Let E be a locally finite pairwise disjoint union of Arakelian
sets, h ∈ O(E), and ε : E → (0, ∞) locally constant. Then
there exists f ∈ O(C) such that |f − h| < ε on E.

Let F be closed and F ⊆ U open and simply connected.
Then there exists an Arakelian set E such that F ⋐ E ⊆ U .
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Proof of the Corollary
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Proof of the Theorem

Outline of the proof:
1. Choose an Arakelian set E such that F ⋐ E ⊆ U .
2. Construct an Arakelian set Γ ⊆ U \ E such that any

component of C \ Γ intersects either E or C \ U .
(Here we need that U is unbounded.)

3. Construct curves (γk)k≥1 and discs (Dk)k≥1 in the
component of C \ Γ that intersects C \ U .

4. Use Arakelian approximation to obtain the map f .
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Thank you!
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