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Stein manifolds have “many global holomorphic functions”.

Compact manifolds are not Stein;

o a continuous function on a compact set attains a maximum

o by the maximum principle, all global holomorphic functions
are constant

Oka-Weil theorem

If X is a Stein manifold, K C X is compact and f is holomorphic
i a neighbourhood of I?, then we can approximate f uniformly on
K with some holomorphic F: X — C.
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Setup:
o X is a smooth manifold
o = {Jt}ter 18 a C*°-continuous family of Stein structures.
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[Greene & Krantz 1981] Solutions of d,,-problem that are
continuous in the parameter ¢t € Ty on ) € X that is .J;-psc for all ¢ € Ty,

Theorem (Forstneri¢ & S. 2025)

If @ € X and ty € T, there is a nbhd. Tj of ty and a family
®: Ty x Q — X such that &, =idg and ¢ : Q@ — &4(Q) C X isa
(Jt, Jt, )-biholomorphism depending continuously on ¢ € Tj.
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o fl=fod;!

t‘o To

is J¢,-holomorphic
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to To T to t T

fl = fo®; ! is Jy,-holomorphic

Approximate f{ on ®;(K) by F{ defined in a nbhd of ®:(V})
F, = F] o &, is Ji-holomorphic and approximates f; on K
Pouw. {xj}jer in T and take Fy = 3., Xj(t)th.
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X

| to TO T

Tameness is also equivalent to Ky being upper semicontinuous:

Le. if for any ¢y and an open set U C X containing I?to there is a
neighbourhood Ty C T of ty such that K; C U for all t € Tj. 5/
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Let # = {Ji}ser be a tame family of Stein structures on X,
where T is a locally compact paracompact Hausdorff space. Let
K C X be compact and let U be a neighbourhood of

I?/ = User {t} X K;. Let f: U — C be continuous where

ft = f(t,-) is Ji-holomorphic for all t € T'.

Given a continuous e: T' — R, there is a continuous
F: T x X — C such that F, = F(t,-) is Ji-holomorphic and
|Fy — filk <e(t) forall t € T
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Theorem (Forstneri¢ & S. 2025)

Assume that T is a finite CW complex, X is a smooth manifold,
I =A{Jiher ts a tame family of smooth Stein structures on X
depending continuously on t, and Y is an Oka manifold.

Then every continuous map f: T x X —'Y that is _# -holomorphic

in a neighbourhood of Ky can be approzimated on Ky by a
F -holomorphic map F : T x X —Y that is homotopic to f.
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Assume that T is a locally compact and paracompact Hausdorff
space, X is a smooth manifold, and 7 = {Jihier is a continuous
family of smooth Stein structures on X. The following are
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(i) If 7 is tame.
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exists a continuous family of By € EPI~Y(X, Jy) satisfying

07,8t = ay on X for every t € T.

and such that ; = 0 whenever a; = 0.

Kuitos!
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